IRREDUCIBILITY AND EMBEDDING PROBLEMS 



LIOR BARY-SOROKER 

Abstract. We study irreducible specializations, in particular when group-preserving special- 
izations may not exist. We obtain a criterion in terms of embedding problems. We include 
several applications to analogs of Schinzcl's hypothesis H and to the theory of Hilbertian fields. 



1. Introduction and results 

A Hilbertian field A is denned by the property that every finite family of polynomials 

/i(Ti, . . .,T r ,X), . . . / s (Ti, ...,T r ,X) 

in the ring K[Tx, . . . , T r , X] (where r > 1 is arbitrary) that are irreducible and separable in X ad- 
mits an irreducible specialization: (ax, . . . , a r ) S K r such that all fi{a\, . . . , a r , X) are irreducible 
in A [A]. The set of irreducible specializations is Zariski dense in K r . Hilbert's irreducibility the- 
orem asserts that a number field is Hilbertian, and Kuyk's theorem asserts that Hilbertianity is 
preserved under abelian extensions, for a more general permanence criterion, the so called Haran's 
diamond theorem, see [9]. 

We write in short T for (Ti, . . . , T r ), and similarly for other tuples. If A is Hilbertian, then a 
strictly stronger specialization property holds, namely there exist group-preserving specializations: 
a 6 K r such that 

Gal(/(T,A), A(T)) ~ Gal(/(a, A), A) 

as permutation groups, where /(T, X) = Yli=i A). This implies that in order to realize a 
finite group over a Hilbertian field A it suffices to realize the group over A(T), which is easier 
since we have more degrees of freedom and geometry comes into the play, cf . [15l [Til US] • 

Nevertheless, in many applications the irreducible specialization property suffices. For example, 
in [T3J [17] Scharlau and Waterhouse (independently) prove that over a Hilbertian field every 
non-degenerate quadratic form is isomorphic to a scaled trace form. In the proof the irreducible 
specialization property is applied to the characteristic polynomial /(T, A) of 1~B, where T = (Tij) 
is the generic symmetric matrix of order n (i.e., the entries Tij are variables subject to the relations 
Tij = Tj i) and B is a non-degenerate symmetric matrix of order n with coefficients lying in A. 

In [5] Kelmer and the author show that Gal(/(T, A), A(T)) = S n , where A denotes an algebraic 
closure of A. Thus the result holds true over a much wider family of fields, see below. In this case 
one can think of / as "the most irreducible-in-A" polynomial. This is what one expects to come 
out of generic constructions. 

Another application appears in |2] where the author addresses an analog of Dirichlet's theorem 
on primes in arithmetic progressions for polynomial rings. Let a(X),b(X) <E A[A] be relatively 
prime polynomials, then for any m 3> deg(a), deg(6), there exists c(A) of degree m (let n = 
m - deg(b) = deg x (a(X) + Tb{X)c{X))) such that 

Gal(a(A) + Tb(X)c(X),K(T)) = S n . 

So an irreducible specialization induces an irreducible in the 'arithmetic progression' a(A) + 
b(X)K[X]. 

In both of these applications the property the field A needs to satisfy is the irreducible spe- 
cialization property for "the most irreducible-in-A" polynomials. [2 gives a sufficient condition 
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to have irreducible specializations in this case in terms of pseudo algebraically closed (PAC) ex- 
tensions. 

Theorem 1.1. Let K be a field and let /(T, A) G K[T,X] be a separable polynomial of degree n 
in X such that 

Gal(/(T,A),£(T))SS n . 

Assume K has a PAC extension having a separable extension of degree n. Then there exists a 
Zariski dense set of el G K r such that /(a, A) is irreducible in K[X]. 

A PAC extension M/K is defined by the property that for every absolutely irreducible M- 
variety V of dimension r > 1 and for every dominating separable M -map v : V — > A r there exists 
a G V(M) such that v(a) G K r . 

In [5] Kelmer and the author prove that some interesting families of algebraic extensions of a 
countable Hilbertian field have PAC extensions. For example, let K be a pro-solvable extension of 
a countable Hilbertian field. Then there exists a PAC extension M/K having a separable extension 
of arbitrary degree n > 5. In particular we can take K = Q so ;. This field is not Hilbertian because 
it has no quadratic extensions, so X 2 — T has no irreducible specialization. Also S n does not occur 
as Galois group over Q so /. So there is no group-preserving specialization for a polynomial as in 
Theorem ll.il although there are irreducible specializations. 

In this work we study more deeply irreducible specializations, in particular when group-preserving 
specializations do not exist. 

Let /i(T, X), . . . , / S (T, X) G K[T, X] be distinct irreducible polynomials that are separable in 
X and let / = /i • • • f s . Then / is separable in X. Now / defines the associated geometric 
embedding problem for K that we denote by £(f,K): Let F be the splitting field of /(T, X) 
over K(T) and let L = F H K. Then both F/K(T) and L/K are Galois extensions. Let H = 
Gal(F/if(T)), G = Gal(L/K), and let a: H ->• G and p: Gal(K) -> G be the restriction maps. 
The diagram 

Gal(iT) 



defines the embedding problem £(/, iiT). 

If Gal(/, 2£"(T)) = S n , for some polynomial f(T,X) of degree n in A, then the associated 
geometric embedding problem is 

Gal(K) 

p 



Theorem 1.2. Let K be afield, /i(T, X), . . . , f s (T, X) G K[T, X] distinct irreducible polynomials 
that are separable in X, f — fi---f s , and for each i let x% be a root of fi(T,X) in a fixed 
algebraic closure of K(T). Assume there exist a PAC extension M/K and a solution r\: Gal(M) — > 
Gal(/(T, A), M(T)) of £(f, M) = (p, a) with image H = r?(Gal(M)) such that 

(H r\C)xi = Cx^ 

for some kera < G < Gal(/(T, X), Af(T)). Then there exists a Zariski dense set of a G K r such 
that all /i(a, A) are irreducible. 

Remark 1.3. Here are two properties of 77 which imply the existence of G as in Theorem II. 21 
If 77 is surjective, i.e. if = Gal(/(T, A), M(T)), then trivially we have (H n G)xi = Cx % . 
Assume H acts transitively on the set R t of the roots of /j(T, A). Let G = Gal(/(T, A), M (T)). 

We have (H nC)xi — H Xi = Ri. On the other hand, H Xi C Gx^ C it^. So (i?onG)a;i = Cxi(— 

Ri). 
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Remark 1.4. Theorem ll.2| generalizes Theorem ll.ll since under Theorem ll.ll assumptions. £( f, AI) = 
(Gal(M) — > 1, S n — > 1). This embedding problem has a solution the image of whose is transitive 
if and only if M has a separable extension of degree n. 

Remark 1.5. In the special case when K is a PAC held (i.e. K = M) and C = Gal(/(T, X), M (T)), 
Theorem 1 1 . 2 1 becomes sharp, see [4]. 

The proof of Theorem 1 1.21 is based on the lifting property of PAC extensions ; 3.. This property 
allows us to lift a solution of £(/, M) to a solution of £(/, K) that is geometric, i.e., is induced by 
a specialization T h-> a G K r . See Section [231 

Theorem 1 1.21 is very applicable. To demonstrate this we include three applications. 

Schinzel's Hypothesis H predicts that a family of polynomials with integral coefficients admits 
infinitely many simultaneous prime values in Z under some necessary conditions. Analogs for 
polynomial rings was considered in [6) [12l H] . 

In [6] Bender and Wittenberg obtain a geometric sufficient condition for a family of irreducible 
polynomials with two variables T, X with coefficients in a large finite field to admit simultaneous 
irreducible values in F g [T]. The following result extends [5] to the family of fields having PAC 
extensions. 

Theorem 1.6. Let K be a field of characteristic p>0, let / X (T, X), . . . , f s (T, X) e K[T, X] be 
irreducible polynomials. Assume that the Zariski closure Ci C P 2 of the afjine curve {/, = 0} C A 2 
is smooth for every i = 1, . . . , s and that p j di(di — 1), where di is the total degree of fi. Assume 
there exists a PAC extension M/ K having a separable extension of degree di, for every i = 1, . . . , s. 
Then there exist infinitely many (a,b) G K 2 such that all fi(T, aT + b) are irreducible in K\T]. 

Here apart of Theorem ll.2l we use a calculation of a Galois group due to Bender and Wittenberg. 

It is interesting to note that Theorem 11.61 implies [5]. This is done by applying Theorem 1 1.61 in 
the case K is pseudo finite, K = M, and then applying Ax's theorem on the elementary theory of 
finite fields pQ, see Section l4~2l 

The second application generalizes a result of Pollack [12] and the author [4] . 

Theorem 1.7. Let K be a field of characteristic p > 0, let n > be an integer such that n is 
odd if p — 2, and let fi(X), . . . , f s (X) £ K[X] be non-associate irreducible separable polynomials 
with respective roots oj\, . . . ,uj s . Assume there exists a PAC extension M/K such that M(u>i) has 
a degree n separable extension, for every i = 1, ...,s. Then there exists a Zariski dense set of 
(oi, . . . , a n ) £ K n such that for g(T) = T n + aiT"^ 1 + • ■ • + a n all fi(g(T)) are irreducible. 

Here we need a calculation of Galois groups that appears in [4] in order to apply Theorem 11.21 

Remark 1.8. In 0] the author proves Theorem II .71 for PAC fields (i.e., K = M). In the case when 
K is also pseudo finite, i.e. PAC, G&\{K) = Z, and K is perfect, a more precise result is obtained. 
Then using Ax' theorem it follows that if K = ¥ q is a finite field of characteristic p, and if n is an 
integer, odd if p = 2, then 

#{(ai, . . . ,a„) S F£ | all f t (t n + ait 71 - 1 + ■ ■ ■ + a n ) are irreducible} = q n + 0(q n -^). 

Here the asserted constant depends on the sum of the degrees of /i, . . . , f s and on n. 

This extends the previous result [12] , in which Pollack establishes the asymptotic formula under 
the assumptions p ^ 2 and p \ n. 

These two applications make the property that a field K has a PAC extension M/K with 'many' 
separable extensions interesting. As mentioned above, in 5,, this property was studied, and some 
examples where given. E.g., pro-solvable extensions of a countable Hilbcrtian field {n > 5) and 
more. We hope that this work will motivate further study of PAC extensions. 

The last result applies the theory of PAC extensions to the theory of Hilbertian fields. It is 
known that if if is a countable Hilbcrtian field, then for every n > 1 there is an abundance of 
PAC extensions M/K such that Gal(M) is a free profinite group of rank n [TU]. We prove a strong 
converse. 
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Theorem 1.9. Let K be a field. Assume that for infinitely many n > 1 there exists a PAC 
extension M / K with Gal(M) free of rank > n. Then K is Hilbertian. 

Remark 1.10. Razon proves that if K has a PAC extension M with Gal(M) free of infinite rank, 
then M is Hilbertian over K, and in particular K is Hilbertian [13j Corollary 2.6]. 



2. Background 

We briefly recall the definition of geometric embedding problems and of double embedding 
problems and we formulate the lifting property of PAC extensions. This property plays a crucial 
role in the proof of Theorem 11.21 Full details appear in [3] , cf. [4] . 

2.1. Geometric embedding problems. Let K be a field, K s a separable closure of K, and 
Gal(if) = G&\(K S /K) the absolute Galois group of K. A finite embedding problem £ for K 
consists on an epimorphism of finite groups a: H — > G and a epimorphisnQ p: Gal(A') — > G. In 
short we write £ = (p, a). A weak solution is a homomorphism 8 : Gal(AT) — > H such that aQ = p. 
If 6 is surjective, we say that is a proper solution. 

Gal(A") 
p 
G 

Assume that E is a finitely generated regular extension of K, and let F/E be a finite Galois 
extension. Then L = F n K s is Galois over K and 

£{F/E,K) = (p: Gal(if) -> Gal(L/K),a: Ga\{F/E) -> Gal(L/Jf)), 

with p, a the restriction maps, is a finite embedding problem for K (note that E/K regular implies 
that a is surjective). These embedding problems are called geometric. If E = K(T), for some 
tuple T = (Ti,...,T r ) of algebraically independent variables, we call the embedding problem 
£(F/K(T),K) rational. 

Let <p be a if-place of E (i.e. <p{x) — x, for all x G A"). Assume that the residue field of <p is K 
and that <£> is unramified in F. Then every L-place $ of F that prolongs tp defines a solution $* 
of A") by the formula 

(1) $($*(cr)x) = a$(x), 

for every cr s Gal(if) and for every x E F with $>(x) ^ oo. The collection (p* = {$* | 
prolongs (/?} is a ker a-inner-automorphism class. 

When E = K(T), T = (T u . . . , T r ), r > 1, and F is the splitting field of a polynomial /(T, X) 
that is separable in X we write £(f,K) = £(F/E,K) and say that £{f,K) is the associated 
embedding problem. We emphasize that in this case G&\(F/E) = Gal(/, K(T)) comes together 
with a natural permutation representation of degree degj^ /. 

Remark 2.1. Let a G K r be such that /(a, X) is separable and of the same degree as the X-degree 
of f(T,X). Then extend T 4 a to a if -place of K(T) with residue field K and let $ be an 
L-place of F prolonging ip. Then $>(x) ^ oo, for every root x G F of /(T, A). By |T]) the action of 
Gal(AT) on the roots of f(&,X) coincides with the action of $*(Gal(A')) on the roots of f(T,X). 




all homomorphism are assumed to be continuous 
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2.2. Double embedding problems. Let M/K be a field extension. A finite double embedding 
problem consists of a commutative diagram 

(2) Gal(M) 




where G, H, A, B are finite groups, B < H , A < G, i, j are the inclusion maps, r is the restriction 
map, and a, fi, f3, v are surjective. Therefore a finite double embedding problem consists of two 
compatible finite embedding problem: (v, /3) for K and (fi, a) for M. In short we denote the 
double embedding problem by ((/i, a), (v, j5)). 

A solution is a pair (77, 9) consisting of a weak solution rj of (/i, a) and a weak solution 9 
of (z^, /3) that commute ([2]). We note that n = #r, and that (9r,9) is a solution if and only if 
0(r(Gal(M))) < B. 

A finite double embedding problem is called rational if (y, /?) is rational. In that case, H = 
Gal(F/#(T)) for some Galois extension F/K(T), G = G&l(L/K), where L = F n K s , and a,v 
are the restriction maps. 

Then A = Gal(L/i n M) = Gal(iV/M), where TV = LAI, and £ is a subgroup of /9 _1 (A) = 
G&l(FN/M (T)). So S = Gal(FN/E), for some M(T) C E C Under this identifications, a 

becomes the restriction map. Note that since a is surjective, E D M s = M, and thus -E is regular 
over Af . So (ji, a) is a geometric embedding problem. 

A geometric solution of a rational double embedding problem consists of a pair (^*, $*), where 
^ is an iV-place of FN unramified over M(T) such that the residue field of K(T) is K and 
$ = ^|_f. In particular, $* is a geometric solution of {v, a). 

We note that if /(T, A) e A[T, X] is a separable polynomial, then £(/, M/K) = (£(f, M),S(f, K)) 
is a finite rational double embedding problem for M/K. 



2.3. The lifting property. We formulate the lifting property of PAC extensions [H Proposition 
4.6]. 

Proposition 2.2. Let M/K be a PAC extension, let 

(S M , £k) = ((P- Gal(M) -> A, a : B -> A), (i/ : Gal(AT) -> G, /3 : i? -> G)) 

6e a rational finite double embedding problem for M/K and let rj be a weak solution of Em- Then 
there exists a geometric solution ( V I / *, $*) 0/ (Em,£k) such that vp* = 0. 

Moreover, j/if = Gal(F/l<L (T)), T = (Ti, . . . ,T r ), and if q(T) e K[T] is nonzero, then we can 
choose * so that a = *(T) e A r , and g(a) 7^ 0. 



3. Proof of Theorem 11.21 

Let AT be a field, T = (T u ...,T r ), /i(T, A), . . . , / S (T, X) e K[T,X] distinct irreducible 
polynomials that are separable in A, / = /].•••/», and for each i let Xj be a root of f(T, X) in a 
fixed algebraic closure of K(T). Let F be the splitting field of f(T, X) over K(T), then F = FM 
is the splitting field of /(T, X) over M (T). Let L — F(~)K S and TV = LM = FM n A s . Then the 
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associated double embedding problem £{f,M/K) = (£(f,M),£(f,K)) is 

Gal(M) 
<p \ 
Gal(A) \f 



Gal(F/M(T)) — Gal(F/K(T)) Gal(L/K)^-^ Gal(N/M). 

a 

Here all maps are restriction maps. Note that ker(a) = ker(/3) = Gal(FK s /K s (T)). 

Let T): Gal(M) -> Gal(F/Ai(T)) be a weak solution of £(f,M). Let ff = r/(Gal(M)) be 
the image of rj. By the lifting property we have a Zariski dense set of a e if and a geometric 
solution (**,$*) of £(f,M/K) such that $(T) = *(T) = a and = 77. Let H x = 6(Gal(K)); 
then Ho < Hi < H := G&\(F/K(T)). Without loss of generality we can assume that /(a, X) is 
separable and of the same degree as deg x f(T,X), and hence the same holds true for all 

Now all fi(a,X) are irreducible if and only if Gal(A) acts transitively on the set of roots of 
fi(a,X) for all i. By Remark 12. II the action of Gal(K) on the roots of /(a, X) coincides with the 
action of H\ on the roots of f(T,X). So it suffices to prove that H± acts transitively on the set 
of roots of fi(T,X) which is Hxi, for every i. 

Let ker a < C < Gal(/(T, X), M(T)) and assume (H n C)xi = Cx t for every i = l,...,s. Let 
hxi G Hxi. Since P{H{) = v{G&\(K)) = Gal(L/K), we have h x e H x such that h^h e ker/3 = 
ker a < C. So there exists c £ i?o H C such that h^ 1 hxi — cXi, hence hxi = {h\c)xi. This finishes 
the proof since h\c E Hx(H (~\C) <H\. □ 



4. Applications 

4.1. Proof of Theorem 01 Let if be a field of characteristic p > , let f 1 (T, X ) , . . . , f s (T, X ) e 
if[T, X] be irreducible polynomials. Assume that the Zariski closure C< C P 2 of the afhne curve 
{fi = 0} C A 2 is smooth for every i = l,...,s and that p \ di(di — 1), where is the total degree 
of fi. Assume there exists a PAC extension M/K having a separable extension of degree di, for 
every i — 1, . . . , s. We have to show that there exist infinitely many (a, b) € if 2 such that all 
/i(T, aT + b) are irreducible in A[T]. 

In [H Section 3] an open subset U of P 2 is constructed such that for every Met/ the com- 
positum (fi : d — > P 1 of the inclusion map Cj — > P 2 \ {M} and of the projection from M map 
P 2 \ {M} — >• P 1 is a degree <ij map having the following property. If Fi/K(X) is the Galois closure 
of the function field extension corresponding to ipi, then Gal(FiK s / K S (X)) = S 1 ^. Moreover, if 
F = Fi ■ ■ ■ F s , then Gal(i ;l i ; i' ;j /A' ;j (X)) = S '*- ( Note that we switched the roles of X, T here, 
in order to be consistent with the notation of [6].) 

Choosing affine coordinates, we get that there exist nonzero 01,02,03,04,05 £ K such that 
Fi/K(X) is the splitting field of the polynomial f t (T,X) = fc(T, ai ^ 2 ^ aa ), for every i = 
1, . . . , a. Let f(T, X) = UUi k then Gal(/, K{X)) = Gal(/, M{X)) = g1i(/, A S (A)) = nl=i S di , 
where the zth coordinate permutes the roots of fi 7 for every i. Therefore 



s s 

£{f,M) = (v: Gal(M) -+ J{S di ,a: J[S d 



-> 1 



Let Mi/M be a separable extension of degree di, for every i = l,...,s. Then Gal(M) acts 
transitively on HouiM(Mi, M s ), which is a set of cardinality di. So it induces a homomorphism 
77: Gal(Af) Gal(/(T, A), M(X)) S ILLi ^ that acts transitively on the roots of fi(T,X), for 
all i. Then the assumptions of Theorem 11.21 are satisfied (see also Remark 12. ip . We thus get 
infinitely many specializations X 1— > bo € K such that fi(T, bo) — fi(T, aT + b) is irreducible, for 
every i, where a = °i and b = a2b «+ a3 , □ 
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4.2. Theorem 11.61 for large finite fields. We show how Theorem 11.61 implies the following 
theorem of Bender- Wittenberg. 

Theorem 4.1 (Bender- Wittenber) . Let A, B be positive integers, p a prime, q a power ofp, and let 
fi(T,X), . . . , f s (T,X) G F g [T, X] be irreducible polynomials of respective total degrees d\,...,d s 
such that ^di < B . Assume 

(a) p\ di(di — 1), for all i, 

(b) the Zariski closure Ci of the affine curve {fi — 0} in P 2 is smooth, and 

(c) q^>A,B. 

Then there exist at least A pairs (a, b) G F 2 for which all fi(T, aT + b) are irreducible. 

Proof. We fix A, B. Then the following statement is elementary in the language of rings. 

E: Every family of irreducible polynomials /i(T, X), . . . ,f s (T, X) G K[T,X] of respective 
total degrees d\, . . . , d r such that di(di — 1) ^ in K, and the Zariski closure Ci of the 
affine curve {fi = 0} in P 2 is smooth admits at least A pairs (a, b) G K 2 such that all 
fi(T,X) are irreducible. 

Let K a pseudo finite field. In terms of PAC extensions this means that K/K is a PAC extension, 
K perfect, and G&\{K) = Z. In particular, K has a separable extension of degree n, for every 
n > 1. So, by Theorem ll.6[ K satisfies E. By Ax' theorem on the elementary theory of finite fields 
[8j Proposition 20.10.4] we get that all but finitely many finite fields satisfies E, as needed. □ 

4.3. Proof of Theorem ll.7l Let K be a field of characteristic p > 0, let n > 1 be an integer such 
that n is odd if p = 2, and let fi(X), . . . , f s (X) 6 K[X] be non-associate irreducible separable 
polynomials with respective roots u>i, . . . ,uj s . Assume there exists a PAC extension M/K such 
that M(u>i) has a degree n separable extension, for every i = 1, . . . , s. We need to prove that there 
exists a Zariski dense set of (oi, . . . , a n ) G K n such that for g(T) = T n + aiT™ -1 + ■ ■ ■ + a n all 
fi{g{T)) are irreducible. 

Let / = fi ■ ■ ■ f s> let A = (A\, . . . , A n ) be an n-tuple of algebraically independent variables and 

let 

G(A,T) = T n + A x T n - x + ■■■ + A n . 

Let F be the splitting field of / o Q(A,T) over K(A) and L be the splitting field of / over K. 
Then since n is odd if p = 2, 4, Proposition 3.6] gives that F is regular over L and 

Gal(F/A-(A)) = S„ In Gal(L/K), 

as permutation groups. Here the LHS acts on the set $ of roots of / o Q(A, T) in some algebraic 
closure of K(A), S n In Gal(L/K) = x Gal(L/i^) is the permutational wreath product that 
acts on the set {1, . . . , n} x fi, where f2 is the set of roots of /. 

Similarly Gal(/ o £(A,T),M(A)) = Gal(FM/M(A)) = S„ In Gal(N/M), where N = LM is 
the splitting field of / over M. So 

S(f o Q, M) = {v. Gal(M) -> Gal(iV/M),a: S n In Gal(N/M) -> Gal(iV/M)), 

where a is the quotient map. Note that kera = S„. 

Let Oi, . . . , be the Gal(iV/M)-orbits of ft, so S > s. Assume that oji G f2j, for i = 1, . . . , s. 
By assumption, for each i = 1, . . . , s, we have a tower of separable extensions M C C Mj 

and [Mi : M (u; 4 )] = n. For i = s + 1, . . . , S, let Mi = Mfa), for some w< G Oj. 

Let i? be the minimal Galois extension of M that contains all Mi. Then by [H Lemma 3.7] 
we have a homomorphism p: G&\(R/M) — > S* n In Gal(iV/M) such that a(p(<r)) = ct\n and if we 
denote by Hq the image of p, then _ffo acts transitively on {1, . . . , n} x fli, for i = 1, . . . , s. 

Let C be the stabilizer of {1, . . . , n} X in S„ In G&\{N/M). Then kera = S% < C and 
i?o < C. We have 

(ff nC)(l,« i ) = iro(l J Wi) = {l,...,n} x tU = C(l,uJ. 

By Theorem II. 2 1 there exists a Zariski dense set of a G K n such that all fi{g{T)) are irreducible, 
where g(T) = Q(a, T) = T n + aiT"^ 1 + ■ ■ ■ + a n . □ 
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4.4. Theorem 11.71 for large finite fields. An argument similar to that used in Section |4~21 can 
be applied to deduce a result for large finite fields out of Theorem 11.71 In [J] a more precise 
statement was proved for pseudo finite fields, that gives the stronger result over finite fields that 
was stated in Remark ll.8l 

4.5. Proof of Theorem 1 1.91 Let K be a field. Assume that for infinitely many n > 1 there exists 
a PAC extension M/K with Gal(Af) free of rank > n. We have to show that K is Hilbcrtian. 

Let f(T,X) e K[T,X] be an irreducible polynomial. Let G = Gal(/(T, X), K(T)). By as- 
sumption, there exists a PAC extension M/K such that Gal(Af) is a free profinite group of rank 
r > \G\. In particular r > rank(Gal(/(T, X), M(T))), so the associated embedding problem 

£(f,M) = (y: Gal(M) -> Gal(A/Af),a: Gal(/(T, X), M(T)) -> Gal(A/Af)) 

is properly solvable [8j ( Proposition 17.7.3 and Theorem 24.8.1], so by Theorem ll.2l (see Remark ll.81) 
there exists an element a e K for which f(a,X) is irreducible. Thus K is Hilbertian. □ 
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